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Abstract 



The goal of this note is to give an elementary and very short solution to equations of 
motion for the Kovalevskaya top [1]. For this, we use some results from the original 
papers by Kovalevskaya [1], Kotter [2] and Weber [3] and also the Lax representation 
from the note [4]. 

1. The Kovalevskaya top [1] is one of the most beautiful examples of integrable systems. 
This is the top for which the principal momenta of inertia Ji, J2, satisfy the relation 



and the center of mass lies in the equatorial plane of the body (for the simplicity, we put 
further J = 1). The dynamical variables are components mi, m2, of angular momentum 
and components rii, ^2, of the center mass vector in the system related to the principal 
axes of the body. 

This system is Hamiltonian relative to the Poisson structure for the Lie algebra e(3) of 
motion of three-dimensional Euclidean space 



Jl 



J2 — 2J3 — J, 



(1) 



{mi,mj} = eijknik, 



{mi,nj} = EijkUk, 



{ni,nj} = 0, 



(2) 



where Eijk is a standard totally skew-symmetric tensor. 
The Hamiltonian has the form 




(3) 
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and the equations of motion are (the dot means a derivative in time) 



rfij = {H, rrij}, 



hj = {H,nj}, 



(4) 



or in the exphcit form, 



mi = m2m3, 2 m2 = - (2 mami + ^3), 2m3 = n2, 

hi — 27713^2 — 7712/13, 77,2 = TTliris — 2 7?7.377i, 77,3 — ?772?T'l — 7?7i772- 



(5) 



Note that the angular velocity vector has the form 



ip,q,r) = (7771,7772,27773). 



(6) 



In the celebrated paper [1] , Kovalevskaya succeeded in integration of these equations in 
terms of abelian functions of two variables. The Kovalevskaya approach was simplified later 
by Kotter [2]. Note also the paper by Kolosov [5], where he reduced this problem to the 
problem of motion of the point on the plane in a potential field. 

One century was gone, and the Kovalevskaya top roused interest again. In the paper 
[4] the Kovalevskaya top was considered as the projection of the Euler top. This approach 
gives as the explanation of famous relation (1) as the natural multi-dimensional integrable 
generalizations of such system. 

In papers by Enolsky [6], [7], nontrivial reductions were found which give the elliptic 
solutions for the Kovalevskaya top. In the paper by Novikov and Veselov [8] (see also 
[9] and references there), the action-angle variables for this problem were constructed and 
the Poisson commutativity of variables si and S2 was discovered. Note that namely these 
variables are appeared at the consideration of the Kovalevskaya top as the projection of 
Euler's top. 

Authors of number of papers (see [10], [11], [12], [13] and references therein) used the 
algebro-geometrical approach to this problem. Unfortunately, this approach is very compli- 
cated and till now only some part of original results for the Kovalevskaya top was reproduced 
in framework of it. 

For example, the Lax representation with spectral parameter [10], [12] gives the spectral 
curve of genus three and correspondingly the abehan functions of three variables, but not 
abelian functions of two variables as in the original Kovalevskaya paper [1]. Even for the sim- 
plest case (777, n) = 0, the correspondence between two such approaches is very complicated 
[13]. So, in author's opinion, the original Kovalevskaya-Kottcr approach being elementary 
and natural one is more adequate to the problem under consideration. 

2. Following [1] and [2], let us remind first that equations (5) have four integrals of motion 



Hi 
C4 




(9) 
(10) 



(7) 




where 



777± = (7771 ± 77772), 



n± = {rii ± 7772). 



(11) 
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Note that C3 and C4 are Casimir functions and the equations C3 = C3, C4 = C4 define 
the four-dimensional symplectic manifold A4c ^ the orbit of coadjoint representation of Lie 
group -£^(3) (the group of motion of three-dimensional Euclidean space). 

The integration of equations (5) consists from several steps. 

3. We start with the Lax representation [4] describing the Kovalevskaya top as the projection 
of the Euler top 

L2 = [L2,M2\, 

L2 = -A(2m2 + (7(g)n + n(8)7)) A, (12) 
M2 = -Am A, 

where 



m 






mg 


-1712 \ 




1 1 







ma 





mi 


, A = 





1 




m2 


—mi 


0; 




lo 








7= (1,0,0), n = (ni,n2,n3), (13) 
tr (L2) = 2ifi = 4i7, det L2 = H2 = - H2. (14) 



Then we have 



det {si -L2) = s P2{s), P2(s) = s^-2His + H2, 

Hi = h, H2 = h2, h2 = hl-k\ (15) 

In the Kovalevskaya case, the equations of motion contain as quadratic as linear terms in 
dynamical variables mi, m2, ma; ni, n2, n^. From this it follows that some of these variables 
being meromorphic functions of time t have the second order poles in t. 

Let us try to find the change of variables such that the equations of motion will contain 
only quadratic terms. This may be achieved by elimination of variables rii and n2. 

From equations (7)-(10) follows two linear equations for variables rii and n2 

mini + m2n2 = C3 - nisris, 

{ml — m^) ni + 2 mim2n2 = | (n^ — {mf + m|)^ + k"^ — c^j . 

Using them we may eliminate ni and n2 from equations 

2 Hi = 2 hi, H2 = h2. (17) 

Then we discover that the left hand side of these equations becomes the quadratic form if 
we introduce new variables ^ f = {fi, f2, fs), 9 = {gi, 92, gs), where 

= ±, f, = ^, h = ^i±^: (18) 

m2 m2 m2 

gi = 2 — , g2 = — , g3 = ( ( m^ + m2 m3 + ming . (19) 

m2 m2 m2 ^ ^ 



^Note that these variables were used aheady in papers [1] and [2] 
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Namely, we get 



where 



2H^ = S^if)+T,{g), 
H2 = S2{f)+T2{g), 



(20) 



^1 = ^((/3 + /il/l)'-4c3/i/2-(c4 + /l2)/l -4/ii/l), (21) 

^2 = -2C3(/3 + /ll/l)/2-(c4 + M/2 -C^/l, (22) 

Ti = li-gigs + gl), (23) 
T2 = \{{higi-g3f -{cA + h2) gl + 4 039192). (24) 

Prom (20) it follows that the quantities Si{f) and 5*2 (/) may be considered as a natural 
projection of two nontrivial integrals of motion 2Hi and H2 

7r:2i/i^5i(/); tt : i/2 ^ ^2(/). (25) 

So we take them as the new dynamical variables . It is natural also to unify them (as in 
(15)) to 

J^{s,f)^s'-S,{f)s + S2{f) (26) 

and consider the equation 

HsJ)=0. (27) 
The roots Si and S2 of equation (27) are the famous Kovalevskaya variables 

si + S2 = Si, S1S2 = -S'2. (28) 

Note that as it was shown by Novikov and Veselov [9] , the variables Si and S2 are Poisson 
commuting, 

{si,S2} = 0, {,Si,>S2} = 0. (29) 
Note also another property of these variables 

{Ti,T2} = 0, 2{Hi,S2} = {H2,Si}. (30) 

So we have also one-parametric family of Poisson commuting variables Si (A) — Si + 2\Hi 
and S2{X) = S2 + XH2 

{Si{X),S2{\)} = 0. (31) 
Note that functions fj,9k are not independent but they satisfy the relations 

/1/3 ~ /I = 1) (on) 
fl93 + 2/292 + 1391^0- ^ ' 

These relations are standard for the cotangent bundle of two-dimensional two-sheet hyper- 
boloid. So after change of variables we come to the dynamical system on two-dimensional 
two-sheet hyperboloid. 
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Namely in terms of new variables, equations of motion (5) have the form 
A = ^{fig2 + f2gi), 

f2 = -^(/lC/3 + /2C/2) = |(-/lC/3 + /3C/l), (33) 
/a = -^{f2 93 + f3 92) 



and 



93 

where 

Note also useful equations. 



9i = C3/1 + /ii/i/2 - 72/3, 
= 1^1 fl + c^hf2 + i^fl 
= -c,[hh^2fl)-h,hf3-i,hf2. 



92 = ^7/1+^3/1/2 + ^/3', (34) 



74 = C4 — A;^ = C4 + /i2 — h\. 



h = ^/i + ^(Mi + /3), (35) 

h = i^/2 + (/ll/2 + ^C3/i), (36) 
/3 = ^/3 + ^(/il/3-2C3/2-(c4-A;^)/l), (37) 

i/ = /ii-^i. (38) 
One can show that the equations of motion for /i, /2, /3 have the Lax form 

L=[L,M], (39) 

where 

/3 - /2 y ' 4 \ -5^3 5'2 

The equations for 91,92, 93 have the form 

M^[L,N], (41) 

where 

/V - - 1 C3/1 + 2 /ii/2, /s + /ii/i \ . . 

8 1^ 74/1 + 2 C3/2 - h^fs, - {csh + 2 hh) I ■ ^^^> 

Let us consider now the Clebsch problem [14] (see also [15]-[18]), i.e. the problem of 
motion of rigid body in ideal fluid. The dynamical variables here are the components of 
momenta pi,P2,P3 and angular momenta Ii,l2,l3 and for special case they satisfy also the 
additional constraint {l,p) — 0. 
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This system is Hamiltonian relative to the Poisson structure for the Lie algebra e(3) of 
motion of three-dimensional Euclidean space 

{k,lj} = Eijkh, {h,Pj} = £ijkPk, {Pi,Pj} = 0, (43) 

where Eijk is a standard totally skew-symmetric tensor. 
The Hamiltonian has the form 

H=Uj:i]+i: B.kPjPk] (44) 

^ \i=i j,k=l J 

where the quantities Bjk are constants. 

One can check that the equations of motion for this case have the same form as the 
equations (33), (34) and that the second equation in (32) is equivalent to the condition 
il,p) = 0. 

Note that for diagonal matrix B this problem was solved by Weber [3] in terms of abelian 
functions of two variables. 

4. The last step is to reduce our problem to the case of diagonal matrix B. For this it is 
convenient to use the important identity discovered by Kotter [2]: 

- 2sJ^{s)=Ql{s)-P3{s)Q,{s), (45) 



where 



Psis) = SP2(S) +C4S -2 6^ 



3' 

2 



Q^is) = fls-2fl (46) 

Q2{S) = S'fl-{f3 + hh)s-2c,f2. 

Let us introduce instead variables fj,gk the variables Xj,yk by the formulae^] 



Xj 



^{si- aj){s2- aj), (47) 



XkXi 



Si - S2\{si - ak){si - ai) (s2 - afc)(s2 - a;) ' ' 



where aj is the root of the equation ^3(5) = and {j, A;,/} is the cyclic permutation of 
{1,2,3}. 

From (45) - (48) we get the expression for fj in terms of x^ 

3 



h = -^HffP-.-. (49) 

h = 'E^-.. (50) 

/3 = -^1/1 - 2i 51 TBI! \ (^1 + ^2 + as - aj) Xj (51) 

j=l ^3[(^j) 



^Such kind formulae were introduced by Weierstrass and they are very useful in the theory of abelian 
functions . 
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and 



9i 



92 = 



93 



Note also that 



3 

-hiQi -2iJ2 p// \ («! + 02 + 03 - Oj) yj. 



Q2{0'j) = iJ'^O'j Xj, j = 1, 2, 3. 



(52) 
(53) 
(54) 

(55) 



One can check that after substitution of expressions (49)-(54) for fj and gk into the 
equations of motion (33), (34) the equations for variables Xj, yk become the equations for 
the special Clebsch case ((/,p) = 0) with diagonal B matrix. So we may use the Weber 
solution [3] given by the formulae 



Xj XjQ 



Oo{Ui,U2)' 6'o(Mi,M2)' 



J = 1,2,3, 



(56) 



where xjo and yjo arc constants, Ui and U2 are linear functions of t and 9q{ui,U2), Oj{ui,U2), 
Oj4{ui,U2) are standard theta functions with half-integer theta characteristics: 



01 ^ e 

$14 — 9 

00 = e 



1 

1 1 



1 







{Ui,U2), 
{Ul,U2), 
{ui,U2). 



92 = 9 

^24 = 9 



1 

1 

" 1 1 

1 1 



>1,M2), 
(Mi,'U2), 



9^ = 9 

^34 = 9 



1 1 

1 

1 




Ml,W2), 
(«1,'«2), 



(57) 



These functions are defined by the standard formulae 

e 
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5i 82 



rij ,nk=—oo 



where Tj^ is the period matrix related to the algebraic curve 



(58) 



(59) 



So, the formulae (18), (19), (49)-(54) and (56)-(59) give the explicit solution for the Ko- 
valevskaya top. ( For more details see [1],[2] and [3]). 

5. Similarly to the Weierstrass approach for geodesies on an eUipsoid [19], we may obtain 
once more important identity 



T{s)n{s)-g\s) = 2P^{s) 



(60) 
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where 



T{s) = s''-Sis + S2, (61) 

g{s) = S,s-S2, (62) 

n{s) = 2{s^ -bis^ + b2S-b3), (63) 

Pg = {s^ -2his'^ + {c4 + h2)s-2cl){s'^ -2his + h2) (64) 



and 



fci = -Si + 4:hi, 

b2 = - ,^2- 4/11^1 + 2/12 + 4 /i2 + c4, (65) 
63 = ^ 4^^^2 ^ 251^2 - 4/ii,S2 - (2/i2 + 4/i? + 04)^1 - -Si + Ahih2 + 2hiCi + 2c^. 

From (60) it is easy to get the equations of motion in standard Abel-Jacobi form 



Si = i(si-S2)"V2P5(si), S2 = i{s2- siY^pP^{s2) (66) 
and also the Lax representation with spectral parameter s in terms of 2 by 2 matrices 

t{s)^[C{s),M{s)\, (67) 

>c(«)=(_^ 4)' ^^^^ 



(69) 



where 

C = (s - 2 Ti)^(s) - (l/2)7i(s), P = -g{s). (70) 

6. 1 would like to conclude this paper by the conjecture that similar results are valid also 
for the n-dimensional generalization of the Kovalevskaya top given in [4]. 
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